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Abstract 

In this paper we give a generalization of the classical Borel-Caratheodory 
Theorem in complex analysis to higher dimensions in the framework of 
Quaternionic Analysis. 
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1 Introduction 

The Borel-Caratheodory Theorem is a well known theorem about analytic func- 
tions on the unit disc in the complex plane. It states that an analytic function 
is essentially bounded by its real part, the proof being based on the maximum 
modulus principle. 

Theorem 1.1. (Borel-Caratheodory) Let a function f be analytic on a 
closed disk of radius R centered at the origin. Suppose that r < R. Then, 
we have the following inequality 

11/11, <j^~ sup + £±%( )|. 

R-r\ z \< R R-r 

We recall that the norm on the left-hand side is defined as the maximum 
value of \ f(z)\ in the closed disk, that is 

||/|| r = max = max |/(z)|. 

\z\<~r \ z \— r 

Since the concept of an analytic, or holomorphic, function in the complex 
plane is replaced, in higher dimensions, by the one of monogenic function, it is 
natural to ask whether this theorem can be generalized to monogenic functions 
on a ball in the Euclidean space R n . In this paper we present a generalization 
of this theorem to monogenic quaternionic functions. 
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2 Preliminaries 



Let {eo, ei, e2, 63} be an orthonormal basis of the Euclidean vector space R 4 . 
We consider eo to be the real scalar unit and ei,e2,e3 the imaginary units. 
We introduce a multiplication of the basis vectors ej subject to the following 
multiplication rules 

GiBj +ejei = —25ijeo, i,j = 1,2,3 

e e t = e. t e = e,, i = 0,1,2,3. 

This non-commutative product, together with the extra condition e^e2 = es, 
generates the algebra of real quaternions denoted by H. The real vector space R 4 
will be embedded in H by means of the identification a := (a , a\, a 2 , a 3 ) € R 4 
with 

a = a e + oiei + a 2 e 2 + a 3 e 3 e H, 

where aj (i = 0,1,2,3) are real numbers. Remark that the vector e is the 
multiplicative unit element of H. From now on, we will identify e with 1. 

We denote by 3f (a) := a the scalar part of a and by Veca := a\e\ + a 2 e 2 + 
a 3 e 3 the vector part of a. As in the complex case, the conjugate element of 
a is the quaternion a := ao — a\e\ — a 2 e 2 — a 3 e 3 . The norm of a is given by 
|a| = -x/alj and coincides with the corresponding Euclidean norm of a, as vector 
in R 4 . 

Let us consider the subset A := spanu{l, e\, e 2 } of H. The real vector 
space R 3 is to be embedded in A via the identification of each element x = 
(x ,xi,X2) <G R 3 with the reduced quaternion 

x = x a + xiei + x 2 e 2 G A. 

As a consequence, no distintion will be made between x as point in R 3 or its 
correspondent reduced quaternion. Also, we emphasize that A is a real vectorial 
subspace, but not a sub-algebra, of H. 

Let now Q be an open subset of R 3 with piecewise smooth boundary. A 

quaternion- valued function on £1 is a mapping / : £1 C R 3 ► H, with /(x) = 

Si=o /i( x ) e i' where the coordinate-functions /j are real- valued functions in Q, 
i = 0,1,2,3. Properties such as continuity, differentiability or integrability are 
ascribed coordinate-wisely. 

We introduce the first order operator 

D = d Xo + e\d Xl + e 2 <9x2 (!) 

acting on C 1 functions. This operator will be denoted as generalized Cauchy- 
Ricmann operator on R 3 . The corresponding conjugate generalized Cauchy- 
Riemann operator is defined ad 

D = d Xo -ei<9 Xl -e 2 d X2 . (2) 
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A function / : f2 C R 3 — ► H of class C 1 is said to be left (resp. right) 
monogenic in if it verifies 

Df = in n (resp.,/L> = in fi). 

The generalized Cauchy-Riemann operator |T]) and its conjugate @ factorize 
the Laplace operator in R 3 . In fact, it holds 

A 3 = DD = DD 

and it implies that every monogenic function is also harmonic. 

At this point we would like to remark that, in general, left (resp. right) 
monogenic functions are not right (resp. left) monogenic. From now on, we 
refer only to left monogenic functions. For simplicity, we will call them mono- 
genic. However, all results achieved to left monogenic functions can also be 
adapted to right monogenic functions. 

Trough the remaining of this paper, we will consider the following notations: 
B := -Bi(O) will denote the unit ball in R 3 centered at the origin, S = dB its 
boundary and da the Lebesgue measure on S. In what follows, we will denote 
by L 2 (S; X; F) (resp. L 2 (B; X; F)) the F-linear Hilbert space of square integrable 
funtions on S (resp. B) with values in X ( X = R or A or H), where F = H or 
R. For any f,g £ Li2(S;A;M) the real- valued inner product is given by 

(f,g) L2{s) = J s $t(Jg)da. (3) 

Each homogeneous harmonic polynomial P n of order n can be written in 
spherical coordinates as 

P n (x) = r n P n (u), u> £ S, (4) 

its restriction, P„(o;), to the boundary of the unit ball is called spherical 
harmonic of degree n. From ((4]), it is clear that a homogeneous polynomial 
is determined by its restriction to S. Denoting by H n (S) the space of real- 
valued spherical harmonics of degree n in S, it is well-known (see [3] and [16) ) 
that 

dim 74(5) =2n + l. 

It is also known (see [3] and [TH]) that if n ^ m, the spaces TC n (S) and H m (S) 
are orthogonal in T^S*; R; R). 

Homogeneous monogenic polynomial of degree n will be denoted in general 
by H n . In an analogously way to the spherical harmonics, the restriction of H n 
to the boundary of the unit ball is called spherical monogenic of degree n. We 
denote by Ai n (M;¥) the subspace of L2(B;M.;¥) nker D(B) of all homogeneous 
monogenic polynomials of degree n. Sudbery proved in [17] that the dimension 
of A4„(IHI;IHI) is n + 1. In [5], it is proved that the dimension of A4„(H;R) is 
4n + 4. 
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3 Homogeneous Monogenic Polynomials 



In [5] and [6] , IR-linear and H- linear complete orthonormal systems of H- valued 
homogeneous monogenic polynomials in the unit ball of R 3 are constructed. The 
main idea of these constructions is based on the factorization of the Laplace op- 
erator. We take a system of real- valued homogeneous harmonic polynomials and 
we apply the D operator in order to obtain systems of H-valued homogeneous 
monogenic polynomials. For an easier description, we introduce the spherical 
coordinates 

xq = rcos9, x\ = rsin#cos</?, xi — rsin^sin^, 

where < r < oo, < 9 < n, < (p < 2ir. Each point x = (xq, x%, x%) € R 3 
admits a unique representation x = rw, where r = |x| and |w| = 1. Therefore, 
Wi = Si. for i = 0, 1,2. We will apply the operator to each homogeneous 
harmonic polynomial of the family 

{r n+1 UZ +1 ,r n+1 U™ +1 ,r n+1 V™ +1 ,m= 1, n + l}„ 6No , (5) 

in order to obtain a system of spherical monogenic polynomials. 

The elements of the previous family ([5]) are homogenous extensions to the 
ball of the spherical harmonics (see e.g. [TS]), 

UZ+Mip) = P n+ i(cos9) 

UZhW,?) = ^(COS^COSTT^ (6) 
V; n +1 (9,ip) = P™ +1 (cos9)smm(p,m = l,...,n+l. 

Here, P n +i stands for the standard Legendre polynomial of degree n + 1, 
while the functions P^ +1 are its associated Legendre functions, 

P^ +1 (t):=(l-t^—P n+1 (t), m=l,...,n+l. (7) 

Notice that the Legendre polynomials together with the associated Legendre 
functions satisfy several recurrence formulae. We point out only the ones nec- 
essary for what follows in the next section. Following [5] , Legendre polynomials 
and its associated Legendre functions satisfy the recurrence formulae 

(1 - t 2 )(P„ m +i(<))' = (« + m + l)P„ m (t) - (» + l)tP 7 ? +1 (t), m = 0, n + 1, (8) 

and 

P%(t) - (2m - 1)!!(1 - t 2 ) m l\m= 1, 1. (9) 

Finally, these functions are mutually orthogonal in L%{^- 1, 1]), that is, 

1 P™ +1 (t)P£ l +1 (t)dt = 0, n^k 
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and their Zv2-norms are given by 



i ™ +lV " 2n + 3(n + l-m)! 



, m = 0, n + 1. 



(10) 



For a detailed study of Legendre polynomials and associated Legendre func- 
tions we refer, for example, [2] and [18]. 

Restricting the functions of the set ([5]) to the sphere, we obtain the spherical 
monogenics 



X° X™, K"\ m = l,...,n + l, 



given by 
X° n := 
where 



^)c- ,,+l f r :: + i) 



0,7) 



while for the remaining polynomials we have 



A m '" COs(my) 

+ (B m ' n cos y cos my — C m,n sin y sin my) e\ 
+ (B m > n sin y cos my + C"" 1 cos y sin my) e 2 



(11) 



= A"' n + B u ' n cosy ei + £ u ' n smye 2 , (12) 



i (sin8cos8^ [P n +i{t)] t=cos g - (n + l)sm0P n+1 (cos0)J , (14) 



(15) 



with 



Y' 



A m - n sin(my) 

+ (B m ' n cos y sin my + C m ' n sin y cos my) e x 
+ (S m ' n sin y sin my — C""'™ cos y cos my) e 2 



- i sin 2 0- \P^ +1 (t)]. 
2 V dt L + Jt=co 



(n+l)cos6P™ +1 (cos0) 
- (n + l)sin6P r \ n +1 (cos6) 



(16) 
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for m = l,...,n + l. 

For each fixed n <E No, we obtain the set of homogeneous monogenic poly- 
nomials 



{r n X», r n X™, r n Y™ :m=l, ...,n+ 1} 



(17) 



by taking the homogeneous monogenic extension of the previous spherical mono- 
genics into the ball. 

For future use in this paper we will need norm estimates of the spherical 
monogenics described in (jTTJ) and of its real part. 

Proposition 3.1. (see Jfflj) Forn g N the homogeneous monogenic polynomials 
satisfy the following inequalities: 



\r n X»(x)\ < r>+l)2' 



7r(n + 1) 
2n + 3 



1 " 1 11 S [ + ' V 2 ( 2 » + 3)(n+l-m)! 



|r"F„ m (x)| < r"(n+l)2" 



Iw (n + 1) (n + 1 + m)! 
2 (2n + 3) (ra + l-m)!' 



u;/m£ m = 1, n + 1. 

Proposition 3.2. Given a fixed n £ No , the norms of the spherical harmonics 
and 5i(Y„ m ) are <?wen 



||KM|U 2(s) = (n + l)y^I 



and 



PPC)IU 2 (S) - PCC)I!l 2( s) 



/ 7r (n + 1 + to) (n + 1 + to) ! 
2 (2n+l) (n-m)\ ' 



/or m=l,...,n+l. 

Proof. For simplicity sake, we just present the proof for the case of dl(X®), the 
proof for U(X™) and 9?(T„ m ) being similar. 

Using the definition of real- valued inner product ((3j) and (p~2j) - (p~4|) . we get 



PMIIL(S) = o 



sin 4 fl ( -[P„+i(t)]f= cos e ) + (n+ l) 2 cos 2 0(P„ +1 (cos0)) 2 



+ 2sin 2 6»(n+ l)cos6»— [P„ +1 (t)] t=cose P n+1 (cos( 



G 



Making the change of variable t — cos 9 and using the recurrence formula ([5]) , 
the last expression becomes 



mm\\Us) = 2 J (l-t'Y{PUi{t)Ydt-{n + lY / t\P n+1 {t)Ydt 
+2{n + lf f tP n {t)P n+l {t)dt 



= -{n + lf J {P n {t)fdt. 
Due to (10|) we get 

7r(n + l) 2 



I^PQIL 2 (S) 



2n + l 

□ 



Proposition 3.3. Given a fixed n G No , the spherical harmonics 9?(X" +1 ei) 
and iR(y^ l+1 ei) are orthogonal to each other (w. r. t. Moreover, their 

norms satisfy 

||R(*£ +1 ei)IU a (S) = IIR^exJIU^s) = ±vM" + 1)(2" + 2)!. 

Proof. Again, we only present the proof for the spherical harmonics 5R{X" +1 ei}, 
the one for 9?{Y^ l+1 ei} being similar. Using (see [15] ) 



the definition of real- valued inner product and (1121) and (|14|) . we obtain 

ll«ei)}|lL ( 5) = 7r ( !i y 1 ) 2 J ( 7r ^( p ^i 1 ( C0S ^) 2 ^ 

We make the change of variable t = cos 9 and, by ([9]), we get 

iiRpft*)}HLcs> = *(^)* J\i-*r^ttt)) 2 *. 

Now, due to the equality (fT0|) we finally get 

m(X°e 1 )f L2{s) = j(n + l)(2n + 2)l. 



□ 
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4 Borel-Caratheodory's Theorem 

We will denote by X%* , X™>*, Y™<* the normalized basis functions in L 2 (S; H; H) . 

Theorem 4.1. (see f^) Let M n (M. 3 ; A) be the space of A-valued homogeneous 
monogenic polynomials of degree n in K 3 . For each n, the set of 2n + 3 homo- 
geneous monogenic polynomials 

{V2n~+3r n X^*,V2n~+3r n X™-*, V2n~+3r n Y™<\ m = 1, n + 1} (18) 

forms an orthonormal basis in M n (R. 3 ;A). 

According to this theorem, a monogenic ^-function / : fl C K 3 — > A can 
be decomposed into 

/ = /(0) + fi + h (19) 
where the components fi and f% have Fourier series 

oo / n \ 

fi (x) = £ r" X®'* (x)a° + £ K"'* (x)< + F™'* (x)ffl 

n— 1 \ m— 1 / 

oo 

/ 2 (x) = ]T V2^T3 r" [i: +1 ^(x) tt ;; +1 + YZ +1 <*(x)l3Z +1 ] . 

Moreover, we remark that the associated Fourier coefficients are real-valued. 

In what follows, we proof that a monogenic L 2 -function / : !1 C I 3 — ► A 
function can be bounded by its real part. For this purpose, we must find rela- 
tions between the Fourier coefficients and the real part of /. 

Lemma 4.1. Given a fixed n e No, the spherical harmonics 

{Vl(X n ),$imMY™) : m = l,...,n} 
are orthogonal to each other with respect to the inner product (0). 

The proof is immediate if one takes in consideration (fT2f . (fT5|) and (fl6l) . 



Lemma 4.2. Given a fixed n € No, the set of spherical harmonics 

{R(X£ei),R(X>i),R(l^ei) : m = l,...,n} 
is orthogonal to the set 

|5R(x; i+1 e 1 ),5R(y;r+ 1 e 1 )} 

with respect to the inner product 
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Lemma 4.3. Let f be a square integrable A -valued monogenic function. Then, 
the Fourier coefficients are given by 



V2n + 3 a° 



\/2n + 3 a\ 



v / 2rTf3 (3™ 



Mil 








ll*n 


i 2 (S) 


||R(X£ 


'ill 2 


11^1 


-MS) 



»(^)lll s(S ) Js 
ll^ l+1 ei|U 2 (s) 



|5R(^ +1 ei )|| 2 L2(s) 
r„ n+1 ei||L 2( s) 



IW +1 ei)ll| 2(S) 



R(/)R(JC)d<7 
SJ(/)3?(Y™)do-, m = l,...,n 



Proof. According to Theorem 14. 11 a monogenic /^-function / : O C 
can be written as Fourier series 



.4 



n+l 



/(x) = /(0) + ^ V2^T3 r" X°'*(x)a° + £ [Jf'(x)a™ + >T'*(x)/C] ■ 

n— 1 \ m— 1 / 

We will present the proof for the coefficients a° of f\ , the remaining coeffi- 
cients a™ and /3™ (m = 1, ...,n.+ 1) being obtain in a similar way. 

We aim to compare each Fourier coefficient a° with In fact, multiply- 

ing both sides of the expression 

oc ( n ^ 

= £ x/2^T3 r" R(J#*)o# + £ [3W)<C + WW] ( 2 0) 

n— I. m— 1 J 

by the real part of the homogeneous monogenic polynomials described in \17\ 
and integrating over the sphere, we get the desired relations. In particular, 
multiplying both sides of PD|) by Sc{Xj?} k — 1, ... and integrating over the 
sphere, we obtain 

We now study the coefficients <a^ +1 and /3™ +1 . Multiplying / at right by ei 
we get 



/ := /ei 

OO 



ri=0 



»(X°-* ei )a° + £ [5W'*ex)< + 3?(Y™<*ei)/C 
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Again, we compare the unknown coefficients a™ +1 and with 
Multiplying 



»(/) = ^ Vo^Tz 



n=0 



n+1 



(21) 



by the homogeneous harmonic polynomials $t(X£ +1 ex) ( resp. 5ft(Y fe fc+1 e 1 )), 
using Lemma 14.21 and integrating over the sphere carries our results 



V2k + 3at +1 



V2k + 3$ +1 



ll^fc +le l||L 2 (S) 

l^(^ +1 ei)lli 2(s) 

r fc fc+1 eiiu 2(g) 

l^ +1 ei)HL(5) 



3?(/e 1 )K(X fe fe+1 e 1 )(i f 7 



/ R(/ei)R(y* +1 ei)dcr. 
Js 



□ 



Corollary 4.1. Let f be a square integrable A -valued monogenic junction. 
Then, the Fourier coefficients satisfy the following inequalities: 



V2n + 3 \a° n 
V2n~+3 |< 



V2^+3 
V2^T3 K +1 



\/2^T3 |/3™ 



n+1 



< 



< 



< 



< 



< 



\ X n\\L 2 (S) 



MX n)h 2 (S) 



TOIk(S) 



n llL 2 (S) 



»W)IU 9 (5) 



\x 



n \\L 2 (S) 



K(X™)IU 2 (S) 

l|X™ +le l||L 2 (S) 



H(Jtf +1 ei)|| ia(s) 
ll^ l+1 ei||L 2( s) 



|5R(/)IIl 2( s) 

I^(/)IIl 2 (s), m = l,...,n 
»(/ei)|U a(S ) 

5R(M)|| L2(S) . 



IIK^eOIU^s) 

The proof follows directly from Lemma 14.31 and Schwarz inequality. 

Theorem 4.2. Let f be a square integrable A-valued monogenic function in B. 
Then, for < r < h we have the following inequality: 



m < i/wi 



4r 



(2r- 1)' 



(||»(/)|| £a( 5)^i(r) + ||»(/ei)|U 3 , (s) >l a (r)) 



where 



Mr) 
Mr) 



3(3-4r)+8r 2 (2-r) 



(2r- l) 2 



3(1 -r) 
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Proof. Considering / written as in (|19p we have 

|/| < |/(0)| + |/i| + |/ 2 |. 

We start now to study the function /1. Using the previous corollary it follows 
that 



\\ X n\\L 2 (S) 

|HMIU a (S) 



\x 



n \\L 2 (S) 



»W)|| ia (S) 



\Y. 



m, * 1 ll-^w 111/2(5) 
'llW)lk(S) 



|ia(S) 



2 E 



IX' 



li 2 (S) 



i/ii - p(/)iil 2( 5)E 

- / 

+ E k 

771=1 ^ 

and, due to the Proposition 13. II 

00 

l/ll < P(/)||l 2 (S)5>> + 1)2 
n=l 

Now, using the estimates given by Proposition 13. 21 

^ oc 

i/ii < -p(/)iu 2( 5)E( 2r )"("+ 1 )^+ 2 )( 2 "+ 1 )- 



Note that the previous inequality is also based on [5] where the following rela- 
tions are proved 



||X°IU a( S) = VAn + l) 



X™ \\l 2 (s) - II Y™ \\l 2 (s) 



In. .(n + l + m)\ 

dn + l f— (t, m = l,...,»+l. 

2 (n + 1 — to)! 



In the same way, we can study the function / 2 . In fact it follows 
I/2I < 3P(/e 1 )|U 2(S )E( 2r ) n (" + 1 )- 

71=1 

Finally 

00 

l/l < |/(0)| + 3||H(/eO|| La(s) £(2rr(n + l) 

n=l 

1 00 

+ dW)lk(s) £(2r)> + l)(n + 2)(2n + 1). 



71=1 



Now, note that the last series are convergent for < r < h. 



□ 



As a immediate consequence of the previous theorem we can state a type of 
Schwartz Lemma as follows: 
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Corollary 4.2. Let f be a square integrable A-valued monogenic function in 
B. J//(0) = and ||K(/)|| ia(S )^i(r) + ||R(/ei)|| ia ( S )i4 2 (r) < then 

|/| < r, for < r < 1. 
The proof follows directly from the previous theorem. 
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